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Abstract. A superspace with two commuting and two anti-commuting co-ordinates is
discussed with particular emphasis on its superconformal properties. A complete expansion
of the supervierbein is given and the local supersymmetry transformations of the component
fields derived. Super Weyl transformations are defined and it is shown that (2+2)-
dimensional superspace is superconformally flat. The spinning string is re-examined and
the problems of previous approaches resolved.

1. Introduction

Superspaces—spaces with both commuting and anti-commuting co-ordinates—have
proved to be of great value in the formulation of globally supersymmetric field theories
(Fayet and Ferrara 1977). In locally supersymmetric theories, e.g. supergravity
(Freedman etal 1976; Deser and Zumino 1976a), the superspace technique has been of
less practical use due to the proliferation of physically redundant component fields and
transformations. Nevertheless, the relationship between the conventional space time
formalism and the superspace approach is of considerable interest. In four dimensional
supergravity, the equations of motion and an action principle have been given in
superspace (Wess and Zumino 1977, 1978; Grimm ef al 1978) and, more recently, a
more detailed investigation has been conducted (Brink efal 1978). In this paper we deal
with a simpler case, namely a superspace with two co-ordinates of each type. We feel
that this is a subject worthy of study in its own right since there are considerable
simplifications in ordinary two dimensional geometry and it is therefore of interest to
see whether the corresponding superspace mimicks this state of affairs.

Our approach to the problem consists of imposing certain ‘kinematic’ constraints on
the supertorsion (analogous to those adopted in four dimensions) (Wes and Zumino
1977, 1978; Grimm et al 1978) and then systematically solving for the components of
the supervierbein by choosing a suitable gauge. We find that the supertorsion and the
supercurvature are expressible in terms of one scalar superfield, and that the
components of the supervierbein and the superconnection may be written down in terms
of the vierbein, the Rarita—Schwinger field and one auxiliary scalar field. We are then
able to derive the locally supersymmetry transformations for these fields. We then turn
our attention to the superconformal properties of our space. Having defined super
Weyl transformations, we compute their effect on the various geometrical quantities
and show that, at least if our kinematic constraints hold, (2 + 2)-dimensional superspace
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is superconformally flat—the analogous result to that obtaining for ordinary two
dimensional space. Finally, the spinning string is revisited and discussed in terms of our
formalism. An appendix summarising notational conventions is included.

2. General properties

We consider a superspace with co-ordinates z™ = (x™, §*) where m and u can both
take on two values. The x’s are the normal commuting co-ordinates whilst the 8’s
anticommute. Using the standard convention that (—1)™ is plus (minus) one if the index
M is bosonic (fermionic), one can express this succinctly by,

MV = (1) N M. (2.1)
At each point in superspace we introduce a set of basis one-forms E*,
E4=d:"Ey* (2.2)

where Ep™ is the supervierbein. This set of frames is required to be Lorentzian in the
sense that the tangent space group acts on E“ according to

SE*=E°Lg"* (2.3)
where

Lg®=LEg*

E,*=€"; E," =Eg" =0; Eg® = %(‘Ys)ﬁa-

Given a field V#, transforming under this group as a vector, say, we may define a
covariant exterior derivative by

DV4=dv*+ vyt =d: YDy V" (2.4)
where Q5” is the superconnection,

Q™ =dzMQus™. (2.5)
In view of the structure of the tangent space group we may take

Q5% = QEs*. (2.6)

Q) transforms inhomogeneously under (2.3);
80 =—dL. 2.7

The above definitions may be extended straightforwardly to any p-form transforming in
a well-defined way under (2.3). In particular, there are two important two-forms, the
torsion and curvature defined by

TA=DE*={E° nE®Tsc®, Ra®=dQ.®+Q. xQF =1EP AE°Rcp 4”.
(2.8)
They satisfy the Bianchi identities,
DT*=E® ARp* (2.9)
DR,® =0. (2.10)
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Again, the two-dimensional Lorentz group allows us to make the simplification

RAB=FE, %, F=dQ (2.11)
in which case (2.10) becomes the obvious identity
dF =0.

In order to reduce the independent components of these tensors, we will employ (2.9)
which, written out in full, reads

Rias.ci® =DiaTscr” + Tiasl Trici” (2.12)
where the square brackets denote generalised anti-symmetrisation, e.g.

T[AB] = %(TAB - (_l)abTBA)-
By D4 we mean E MD,,; where EJ™ is the inverse supervierbein

E MEy® =84°.

As our kinematic constraints on the supertorsion we take

Tg," =21(v")a0 Tgy" =Ty =0. (2.13)
Utilising the Bianchi identity R(.g,* =0 we find

Tp” =0. (2.14)
Combining the R,s.* and R,g,’ identities one finds

Tsy™ =4(16),7S (2.15)

Fog = —i(¥5)asS (2.16)
where S is a scalar superfield. The identities with R, . and R.s,’ then yield

Tp™ = —%Gbc(‘Ys)aBDsS (2.17)

Fog = —3(¥5¥s)a" DgS. (2.18)

Finally, the R, ,’ equation tells us that
Fop =35€DoD%S —ie€,S>. (2.19)

Hence we have succeeded in expressing all the components of the curvature and torsion
in terms of one scalar superfield S. We remark that if S vanishes, so does the curvature
and the space is flat. In this case the supervierbein takes the simple form

E,.*=68," E,> =0, E.=i16"(y*)au; EL5 =8,° (2.20)

3. The supervierbein

Under a general co-ordinate transformation in superspace, 2™ - z"™(z), the super-
vierbein changes as follows;

az'™

EM"(z)=WE’N"(z’). (3.1)
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Clearly, we can expand z' as a power series in 8
zrm =xrrn(x)+BAgAm(x)+%6A0Agm(x)
2™ = £ (x)+ 6" Dy (x) +36" 0 (x). (3.2)

We observe that under such a transformation E“A transforms in a simple manner
and indeed one can use some of the parameters in the expansion (3.2) to translate some
of the components of E,” to zero. Explicitly, ¢&,™ may be used to gauge away the
leading component of E,* and, because of the non-singularity of the supervierbein and
the transformations, we may use D," to set the first term of E,* equal to ... Similarly,
g™ and n* may be used to transform the antisymmetric parts of the coefficients of 6" in
the expansions of both E,.* and E,” to zero. Thus, (3.1) ensures the existence of a gauge
in which, to order 4,

ES = 9°E\."; E\[ =E\°

E.%=8,"+6"E,.%; E>=E,° (3:3)
w T Yu Ap A T Lopr

We may also use the freedom of local Lorentz transformations to simplify (.. We
have

Q. -0, -8,L (3.4)

so that the first term of (), and the antisymmetric part of the 8 coefficient may be gauged
away. These choices give us a total of fifteen gauge fixing conditions, reducing the
original twenty parameter invariance to five which correspond to x-space
reparameterisations, local supersymmetry and local x-space Lorentz invariance.
Choosing the first component of E,,,* to be the vierbein, e,,”, and the first component of
E,“ to be the %Xm"‘, the Rarita-Schwinger field, one can then compute the remaining
components of the supervierbein by a straightforward, albeit somewhat tedious, cal-
culation by using the kinematic conditions (2.13) and their consequences (2.14-18),
One finds

E. =en" +10y xm +300e,°A
Ema = %’Xma + %0# (YS)uawm - %0“ (‘Ym)y.aA - f—éo-BXmaA - %69(7m)a6‘//6
E.* =10 (v ), E, =8, ~3005,A

(3.5)

where A and ¢ are the first and second components of the scalar superfield S. Similarly,
one finds for (),

Qn = O —30Y5Xm™ + 5000 +500€m" 9,A + 50007 Ymy " Xn + 200x sy "xm™ (3.6)
Qu = —%OA(‘YS)MJ.A'

The only independent fields in this expansion are the vierbein, the Rarita-Schwinger
field and the auxiliary scalar field A. From T,.” =0 we find

Om = —Cam€”™ 3ne” +m¥sY "Xn 3.7
whilst from the equation for T,.* (2.17) one obtains

¥ =—=2i€ ™ ysDmxn =37 "XmA. (3.8)
Here,

Dan = aan —%wm‘YSXn
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is the x-space Lorentz covariant derivative. From (3.7) we observe that the x-space
torsion is given by

Cmna = Dmena - Dnema = %X_m‘ann- (39)

Finally, we may employ equation (2.19) to obtain the coefficient of 68 in the expansion
of S. The complete form for § is then

S = A+ 60y +366C

C =R ~ixay"¥ +ie“FaysxpA — 1A (3.10)
where R is the x-space curvature scalar,

R=2€" dmwn. (3.11)

To find the local supersymmetry transformations of the component fields, we must
remember that we have used both co-ordinate transformations and tangent space
transformation to fix the gauge. Infinitesimally one has

5EMA = fN aNEMA +am§NENA +EMBLBA, 501\4 = EN BNQM +6M§NQN —aML.
(3.12)

From the transformations of E,* and Q, we find that the parameters have the
expansions

E™ =T —ily™0+106Ly"y "Xn
£ = =30y " — 50" (YW — 500 (A sy ™)L g — 8OOLY ™Y " Xn X" (3.13)
L=1-%lys0A —i{y™ 0w +300{ysy + 1600y ™ysxmA +100Ly™Y " Xnm

where the first terms correspond to x-space co-ordinate transformations, local super-
symmetry transformations and Lorentz transformations respectively. The supergauge
transformations of the basic component fields may now be read off and one finds

Bem” =iy Xms 8Xm = 2Dpd ~3¥m{A 8A={y. (3.14)

These are clearly the analogue of the four dimensional supergravity transformations
with auxiliary fields (Ferrara and van Nieuwenhuizen 1978) and it is straightforward to
check that the algebra closes in a field-independent sense.

4. Super Weyl transformations

We recall that the ordinary Weyl transformations are rescalings of the metric, g,., >
Fgmn, and that a space is conformally flat if there exists a co-ordinate system in which
the metric tensor is proportional to the flat metric. This latter situation obtains for all
two-dimensional spaces which are therefore related by scale transformations to a flat
space. In thissections we wish to generalise these ideas to a superspace and to show that
any (2 +2)-dimensional superspace satisfying (2.13) is superconformally flat.

The simplest generalisation of Weyl transformations to superspace would consist of
rescalings of the supervierbein with appropriate adjustments for the different dimen-
sions involved. However, one can readily verify by direct computation that if one
demands that the constraints (2.13) be preserved, then the scaling parameter is
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restricted to be a constant. A possible way round this is to define super Weyl
transformations to have the form

En* > En® = A(2)En® )
Ex® = AEn’ + Ex($a% (2) '

where ¢.” is a spinor parameter to be determined. One finds a consistent scheme is
obtained for

6o =—i(ya)™ DA (4.2)
and the full list of generalised Weyl transformations is then given by
Er® =AEy

Ev® =A""Ex" ~ A7 Ep (7)*® DA

EM=ATEM+iA(v,) DgAEM @3
EMoN12EM
One can then compute the change in the connection to be
Orr = Qu + AT Ene” Dy A+ AT Ep(v5)." DA (4.4)
whilst the superfield S has the transformation
$=AT'S+iA” D,AD*A-iAT’D,DA. (4.5)

As in ordinary two-dimensional geometry, we observe that there is no conformally
invariant tensor. However, in view of the above scheme, it seems natural to define a
super-conformally flat space to be one for which we can choose a co-ordinate system
such that the supervierbein is related to the flat supervierbein by a Weyl transformation
i.e.

EMa = AEMa (4 6)
EMOt=A1/2E-Ma_iE_Ma(_ya)aBI_)BAl/Z *
where Ea* is given by (2.20).

We can now show that it is always possible to choose such a gauge for the
(2 +2)-dimensional superspaces under consideration. We decompose the Rarita-
Schwinger flelds as follows:

Xm = Ym® +&m; y-£=0. 4.7)
Then, because of the two-dimensional identity

Ymy ¥ =0
we may write

ém=7"¥m Dna

for some spinor a. Using a supergauge transformation (3.14) we can therefore set « to
zero. In this gauge the x-space torsion C,,,,”" is zero and indeed the y-contribution to w,,
(3.7) drops out. We may now employ an x-space co-ordinate transformation and an
x-space Lorentz transformation to bring e,,” to the conformally flat form

em =f8m". (4.8)
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Hence one has, from (3.5)
E.2(x, 8') = f8,° +10'y ymd +40'0'fAS .. (4.9)

We may now employ a finite Lorentz transformation with nilpotent parameter L =
—i8'ys, followed by a co-ordinate transformation 6’ = f*/26 to obtain

E.(x, 6)=A8," (4.10)
where

A=f+16y +106b

v=1"9, b=f"A~-ids)
It is a straightforward calculation to verify that repeating this procedure on the
remaining components of Ej* yields the desired result (4.6) with A given by (4.11).
Hence we have succeeded in demonstrating that (2 +2)-dimensional superspace is
superconformally flat. We remark that this result will not automatically be true in the
general case, i.e. if (2.13) is not satisfied. This is because the supervierbein and
superconnection contain eighty component fields and one only has twenty gauge

parameters. However, there are fifty-six constraints in (2.13) and this allows us to
describe the geometry by four functions, i.e. a scalar superfield.

(4.11)

5. The spinning string

The spinning string has been solved in x-space by three independent groups (Brink et a/
1976, Collins and Tucker 1977, Deser and Zumino 1976b) and tackled in superspace in
Zumino (1976) and Howe (1977). In the latter paper an ansatz was made for the
supervierbein which produced the correct equations of motion in x-space after the
action has been integrated out over the anticommuting co-ordinates. However, the
equations in superspace were harder to interpret. On the other hand, in Zumino (1976)
the superspace equations of motion were shown to be equivalent to the standard
equations of the Neveu-Schwarz-Ramond (Ramond 1971, Neveu and Schwarz 1971)
dual model by exploiting the conformal flatness of the superspace. In the latter paper,
however, no kinematic conditions were imposed on the supertorsion and hence an
additional term in the action was found to be necessary. The problems of the previous
two approaches are resolved by the imposition of the kinematic conditions (2.13) which
in turn imply that not all of the components of the supervierbein may be varied
independently.

The spinning string is described in superspace by a scalar superfield V carrying a
Lorentz index of the embedding space which we suppress throughout. The natural
action is

1=%jd2x d*e¥ (5.1)
where
¥=EL=3ED,VD*V

Here, E is the generalised determinant of the supervierbein. Variation of I with
respect to V yields the equations of motion

D,D*V =0 (5.2)
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whilst variations with respect to the supervierbein are expected to yield the constraints
of the Neveu-Schwarz-Ramond model. We have

8% =[H,-2H,*1¥ - EH,"D,VD*V (5.3)
where

HA® = EAMSEM". (5.4)
Because of (2.13), H.,2 satisfies
8Tsc" =DpHc* ~ (~1)"DcHp" + Toc He* ~ Hg' Tec”

+(=U*H Teg” + ¥ = (-1 "cs” (5.5)

Us.c” = Eg"6Qamc".
From 67,,° =0 one finds

Hy" = (y*¥s)a"Hg" = 3(5)*"DgH," (5.6)
and hence

H,* ~2H," = ~1(ys)** DgHL". (5.7)

The other constraint equations allow us to solve for Y ¢ and H,® as well as some of
the components of H,® in terms of H,® and the remaining independent parts of H.,”.
However, (5.7) is sufficient for our purposes and one finds, upon employing the
integration by parts formula

J d’x d*9ED A (-1)° =0 (5.8)
valid if Tea®(=1)% =0, that the constraint equation is
(v*y")a?Dg VD,V =0. (5.9)

The left-hand side is just the supercovariant version of the supercurrent which contains
amongst its components the energy-momentum and the x-space supercurrent of the
system, whose vanishing provides the required dual model constraints. The remaining
components contain an auxiliary field which vanishes by virtue of the equations of
motion (5.2). Clearly, one can easily reproduce the linearised version of these con-
straints merely by using the conformal flatness of our space (the action I being super
Weyl invariant). In this case the scaling field A drops out of the equations and one is left
with formally identical equations but with DAV = E,a," where E4™ is now the
inverse of the flat supervierbein (2.20).

Appendix

Co-ordinate indices are given by letters from the middle of the alphabet whilst tangent
spaces indices are taken from the beginning. Small latin (greek) letters indicate bosonic
(fermionic) components whilst capital letters span both types. The exterior (wedge
product) on the basis co-ordinate one-forms is defined by

dz™adzV = ~(=1)" dz"N adz™ (A.1)
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The exterior derivative d is defined in the standard way, so for a 1-form W=
dz™W, one has

d
dw =dz™ /\dZNaz—N War. (A.2)

Exterior differentiation starts from the right so that if W, is a p-form and W, a g-form
d(WiaA W)= WiadWo+(=1)"dW A W, (A.3)

From (A.1) and the definition of the exterior derivative it is simple to verify that
d*’w=0 (A.4)

for any p-form W.
The bosonic metric is 14

Nab = diag(—l, +1) and €ab = —€pa, €091 = 1. (AS)
The fermionic ‘metric’ is €4’
€ap = €%, €2=1=—ey; €11=€22=0. (A.6)

Spin indices are raised and lowered by €.s according to the rules

X" =€"xg; Xa = —€apX”. (A.7)

All spinor components are elements of a real Grassmann algebra and the y matrices

are real;
=00 wne=() )
(A.8)
9 =00 =(g ),

By an expression of the form ¢;I'é, where I' is any combination of y matrices and ¢1,
¢- are real spinors we mean

#1Ldr=01"TPds0. (A.9)
Finally, the Fierz rearrangement formula is given by

1203 =—3% Z &1L

.- . (A.10)
Ti=1, ¥a vs3 I'=1,%%vs.
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